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Abstract—The objective of this paper is to apply the technique of asymptotic homogenization to
determine the elastic behaviour of reinforced composite materials with unidirectional regular fibres.
The analytical solution, which is based upon the complex potentials of Muskhelishvili, utilizes a
series expansion of the doubly periodic Weierstrass elliptic functions to predict both the local and
overall averaged properties of the composite material. Detailed analysis of both the plane and
antiplane elastic problems are considered and the results are applied to a number of reinforced
composites with varying mechanical properties and volume fractions. Comparison with existing
extremal estimates and limiting cases of the properties are also considered and discussed.

1. INTRODUCTION

Much effort is currently being expended upon the development of rigorous analytical
models capable of predicting the effective overall and local properties of advanced composite
materials. A number of techniques have been developed to treat the current interaction
problem. The mathematical framework which allows the prediction of the behaviour of
multiple inhomogeneities in composite materials is provided by the development of sets of
equations with rapidly oscillating coefficients which characterize the properties of the
individual phases of the composite material. The resulting boundary-value problems are
rather complex, and it is quite natural, therefore, to seek mathematical models with some
averaged coefficients.

Different averaging techniques have been adopted in the literature to estimate the
effective elastic properties of composites and perforated media [see e.g., Weng et al. (1990),
Christensen (1990, 1991), Hashin (1983), Mori and Tanaka (1973), Chen and Cheng (1967)
and Bailey and Hicks (1960)]. Analytical averaging schemes were also utilized by Nemat-
Nasser and Hori (1993), Hori and Nemat-Nasser (1993), Isida and Igawa (1991) and
Meguid and Shen (1992) to provide an estimate of the overall elastic properties of inhomo-
geneous composite materials and media containing a number of inhomogeneities. Recently,
Gong and Meguid (1992, 1993) developed a unified approach to treat the problem of single
and multiple elliptical inhomogeneities. Their solution provides explicit expressions for the
resulting elastic fields in both the transformed and physical planes of the fibre and the
surrounding matrix.

The upper and lower variational bounds for the effective elastic moduli of an isotropic
composite material have been obtained by Hashin and Shtrikman (1963). These bounds
have been generalized to include different cases of material anisotropy by a number of
authors [see e.g., Christensen (1991) and Milton and Kohn (1988)].

In the present study, the technique of asymptotic homogenization is employed to
develop an elastic homogenization model for composite materials with a regular structure
in terms of a general curvilinear coordinate system. The mathematical framework of the
asymptotic homogenization technique can be found in Bensoussan et al. (1978), Sanchez-
Palencia (1980) and Lions (1981) [see also Bakhvalov and Panasenko (1989)].

The general elastic homogenization model, which is mathematically rigorous, enables
the prediction of both the local and overall averaged properties of the composite solid. In
the case of a unidirectional fibre-reinforced composite material, both the plane and antiplane
elastic problems are treated using the complex potentials of Muskhelishvili and series
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expansions in terms of the doubly periodic Weierstrass elliptic functions. Comparisons with
the generalized Hashin—Shtrikman variational bounds are made and discussed.

Following this introduction, Section 2 deals with the development of the homogen-
ization model. In Section 3, both the plane and antiplane local problems are formulated,
while in Section 4 the mathematical treatment of both problems is provided. Section 5 is
devoted to the determination of the effective elastic moduli and Section 6 for the analysis
of result and discussions. Finally, Section 7 concludes the paper.

2. HOMOGENIZATION MODEL

The strain—displacement relationship can be effectively expressed as:
& =3(Vu+Vu,), ()

where V; is the covariant derivative in terms of the curvilinear coordinate system &,, &,, &5
u; are the components of the displacement vector; and the subscripts ij assume the values
1, 2 and 3. The stresses are related to the strains by the generalized Hooke’s law ; viz.

ikl

oV = gy, 2

where ¢* is the tensor of the elasticity coefficients. In addition, the equations of static
equilibrium can be written as

Vg = 0. €)

For a complete solution, it is necessary to assign certain boundary conditions. The external
loads p; or displacements u* are given at the surface of the solid § = S,US, as being

S S
i, S S %
U = p;, U =u. 4

Equations (1)—(3), subject to the boundary conditions (4), form a closed system of equations
of the static elasticity problem for an anisotropic inhomogeneous solid.

Let us analyse problems (1)-(4) for a solid made up of a composite material with a
fine regular structure defined by the unit cell Q, such that

h h .
{——'<y,~<—'}; yi=%; e« 1; hi ~ 1. 'S)

The above definition of the regular structure of the material relates it to the selection of the
coordinate system & = (&), &5, £3). Let us assume that all the coeflicients entering relation-
ships (2) are piecewise-smooth periodic functions of the coordinates y; within the unit ceil Q.
We represent the problem’s solution as an asymptotic expansion in terms of the asymptotic
parameter ¢; such that

uy = uf® G ) +eu (& ) +euP G+ ©)

where u!(&, y) (m=0, 1, ...) are periodic functions of y within the unit cell Q, and
¥ = (¥, v2 y3). Following the asymptotic homogenization method [see e.g., Sanchez-
Palencia (1980) and Kalamkarov (1992)], and also considering that the metric tensor g, is
independent of the ““fast™ variables y, we replace the operator V; by V;+ (1/£)(9/dy;) in all
relationships. In this case, we will designate (Ju,/dy;) = u;,. For the principal terms of
expansion (6), we obtain
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e = Q)+ U (MVoul + -, (N

where U}"(y) are periodic solutions of the following local problems in the unit cell in terms
of y:

Cf{m" — 0, Cijmn = cijmn+cijklU;:7, (8)
subject to the following continuity condition at the interface :
[r]=0, [c™N]=0, ©

where N, are components of the normal vector to the interface.
In conformity with (7), we obtain

O = CIG, 10 (10)

for the principal terms of the expansions of the stress tensor. Let us now introduce the
operation of averaging over the unit cell Q such that

1
S =V—0]5Lfdy- (11

Averaging the equations obtained from (3), by equating terms of order ¢° to zero with
respect to the unit cell Q, we obtain

V{97 = 0. (12)

Averaging relationships (10), will provide
a9y = (CH*YWVuf®. (13)
The coeflicients in (13) represent the effective elastic moduli of the composite material.

Averaging relationships (4) for the principal terms of expansion (7), we obtain the following
boundary conditions for the homogeneous solid :

- S : S
<o.(0)u>ni Rl pz, uz('O) =2 ui*- (14)

Note that local problems (8) and (9) are independent of the coordinate system &. The
uniqueness of these local problems is achieved by imposing the condition

Uy =0. (15)
Enforcing the above condition in (7), leads to the following relationship :

Cuy = u®(8).

The above expression indicates that the average of the displacement field u, over a small
volume of the unit cell {u,) is equal to the displacement obtained from the global problem
of the homogeneous material u{®(&). Using the solution of local problems (8), (9) and (15),
and the solution of the global problem (12), (13) and (14), the local structure of the stress
field can be determined from expression (10).

SAS 31:3-B
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3. FORMULATION OF PLANE AND ANTIPLANE LOCAL PROBLEMS

The previously described asymptotic homogenization technique is capable of treating
the three-dimensional elastic behaviour of reinforced composite materials with periodic
structure. In order to demonstrate the salient features of the proposed method, the uni-
directional fibre-reinforced composite shown in Fig. 1 is considered. In this particular
case, the local problems describing the unit cell corresponding to the plane and antiplane
formulation are decoupled.

3.1. General formulations

In the study, the unit cell of the fibre-reinforced composite material consists of a single
circular fibre embedded into a square matrix (see Fig. 1). The elasticity coefficients ¢/ have
different values in the regions occupied by these two dissimilar materials, such that

ijki(F} :
¢ in Yg,

kA
¢ (y) = {cijkl(M) in Yy

The local problems (8) and (9) can be rewritten as
Ty (F) =0 in Yg,
(M) =0 in Yy,
W (F) = MO UR(F),
(M) = M UmM), (16)

where o, =1, 2;j, k, m, n=1, 2, 3, and ¢**® and ¢**™ are the respective elastic
moduli tensors of the fibre and matrix materials. It is evident from expressions (8) and (16)
that

Cijmn — Cijmn +1:;7j1_n‘ (17)

The solution of problem (16) must be double periodic in y, and y, subject to the following
perfect bonding conditions at the interface I' [cf. eqn (9)]:

UL (F),, = UP"(M),.
[CHHE) 4 (PN, = [HO0 8 MDIN,,. (18)

3.2. The plane problem

The exact number of problems of type (16) that must be solved in each particular case
would ultimately depend on the symmetry properties of the matrix and fibre materials. If
both are isotropic, the problem decomposes into four similar plane strain problems involving

.‘/zT
7/2
ole/ofefefe
oojejejee Y, o
ole[e[eleje ~7/2 2
ololojejele ] ';
oleloje/ele
elejejeee Yo 1"

772

Fig. 1. Fibre-reinforced composite material and unit cell.
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Taps Tes, Tap and 13, and two antiplane problems involving 7% and t%3. In the case of

homogeneous and isotropic materials, the plane strain problem takes the form:

T+t =0, i+, =0 (19)
and
™ = (VU +en(y) U,
% = (MU +en (MU,
5 = 3(en () —ca(NUT + UTY), (20)
where

AP = Ar+2G¥, ye ¥,
en(y) = ™ = Ay+2Gy,  yeYu,

4

cn(y) = {

F
Cﬁz) = A, yeYg,

@1

M
) = Am, ye Yy,

with Ay, Gm, Ar and Gy being the Lamé constants of the matrix and fibre materials,
respectively.

3.3. The antiplane problem
The local functions 777 and %3 corresponding to the antiplane problem can be expressed
as:

T +155, =0 (22)
with

My =cu(VUTT  and 57 = cu(y) U5, (23)
where mn = 23 or 13, and

F
) = Gy, ye Yy,

cu(y) = {c‘(x) = Gu, ye Yu. (29)

Again, the general solution of (19), (20), (22) and (23) must be doubly periodic in y, and
y,, and must satisfy the continuity condition (18) at the fibre-matrix interface. If both the
fibre and matrix materials are homogeneous and isotropic, the boundary conditions take
the form:

[Ur] =0, (25)
[ +e)N, +TN,] =0,  [thN + (8 +c)N.] =0, (26)
[GB+c)N, +18BN,] =0,  [thN,+@E+cn)N.] =0, 27
[GR+c)N +18N,] =0,  [tBN,+(H+e)N,] =0, (28)
[(zBN,+ (13 +ce)N2] = 0, [(x13+co6) N1 + 75N, ] = 0, (29)

where ¢ = 0.5(¢c); —¢)2).
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4. MATHEMATICAL TREATMENT OF LOCAL PROBLEMS
4.1. The plane problem
The solution of problems (19) and (20) can be represented in terms of doubly periodic
functions of the complex variable. Let us consider the case of uniaxial tension (i.e. mn = 11).
We begin by representing the biharmonic stress functions in terms of the complex potentials
¢(2) and y(2) for z = y,+1iy,, and express the local functions 1|}, ©, t{3, U}' and U} in the
form:

Tl + 18 = 2[¢' (D) + ' @),
-t + 2t = 2[2¢" () +¥ ), (30)

2G(UY +1UY) = k(2) —2¢"(2) =¥ (2), @3

where

Gy, ze Yy,
G= GMs Z€ YM,

i+3G kg, 2€ Yg,
- A+G B kM, zZe YM.

If we now introduce the polar coordinates system r and 6, as shown in Fig. 1, the boundary
conditions (26) at r = r, take the form:

11 2i0 1 1l
[0.5(z + 1) —0.5e* (e — i} + 2ty .,
— 11 2ie 1 1 o1l
= [0.5(t]} +723) —0.5¢ (752 — 1) +2i1)3 ]i,gwo
FO.S( + el —cl)+0.5(e) el — i+ . (32)

Introducing the notation

Oe(2) = ¢x(2),  Wr(2) = Y5(2),
Du(2) = Ppm(z),  Pu(2) = ¥u(2), (33)

for the analytical functions in the fibre and matrix regions (Y and Y,), respectively, eqn
(32) becomes:

Dp (@) + Pp () — ™ (OPR(@) + ¥E(@)) = Pu(@) + Py (@) — (DD (@) + Fui ()

O.S(eh+ e}l )+ 0.5(chY — i~ + ) €, (34)
where @ = rqe” is an arbitrary point on I". Making use of (31), eqn (25) becomes:
TN TN GM TN
kedr(0) ~ 0dr(w) ~Yr(w) = G—F (kv M (@) — 0y (@) — Y (@)]. (35)

Differentiating (35) along the direction of the tangent to T, we obtain :
~ke®p () + Op (@) — (OGP (w) + P (w))

= %Li [— kM(T);(CO) + Dy () — e (0D} + P (@)]. (36)
F
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In view of the symmetry of the unit cell with respect to the y, and y, axes, the functions
@, (z) and Wy (z) can be represented in the following forms:

2%
%+ 2 9 (2)

() = , 7
M(2) = 2o+ ,20“2"““ k+1)! (37
© (2k) o 2%+ 2 y(2k+ 1)

- ur2 P ro Q (@)
¥Yu(2) = Bot+ kgo Bak+ars k+1)! IZ:O 052k+2’_4————(2k+ ) s (38)

where a5, and B, (k =0, 1, 2, ...) are real constants with g(z) being the doubly periodic
Weierstrass elliptic function with periods @, = 1 and w, =i; and the special analytic
function Q(z) is defined as

| P P P
@)=} {(z_——T) —22?-3 - PTE} (39

mn

for P = m+inand P = m—in. A prime on %,,, indicates that m = n = 0 is excluded in the
summation. The function Q(z) satisfies the relations:

0P +1)—-0%() = p“(2),
0Pz +1)—0%(z) = —ip®(2), (k=1,2,..)). (40)
The functions ®,(z) and Wy (z), as given by (37) and (38), ensure a symmetrical doubly

periodic distribution of the local stresses !, 7, and {3, and it can be shown that the
constants o, and f3, are related to «, and f§, by

a = 0.5for,  Bo=(+mari, 7 =20(0.5—p0.5). 41)

To obtain the derivatives p**(z) and Q'** "(z) involved in (37) and (38), we use the
following Laurent series expansions of these functions about the point z = 0 [see, for
example, Grigolyuk and Fil’shtinskii (1970)] :

SO(Zk)(Z) 1 © -
@C:l—)i=;2m+Azorjkzzjﬁ k=0,1,2,..., (42)
! P
(k+1)(, © .
Q(W—f_-#=jzosjkzzj’ k=0,1,2,,,,, (43)

where

_ (Z+2k+1)! Gj+i+1
T @)k 2

gj+k+1 = Z’ (P/2)r2j‘2k72’ S0 = Os

mn

Too =0’

2j+2k+2)! p, ;s o
sjk:zzj)!(zkjuz;! 2’21?21'2, Prerer =2, (P2)(P[2)~ %2 (44)

Returning to (37) and (38), the Laurent expansions for @y, and ¥,, are then given by
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2k+2 o

ré
Py (z) = o+ Z a2k+222k+2 + Z Z Uopy ot o 2rpz? (45)
k= k=0 j=
’.2k+2 ) =] " .
¥,.(2) = Bo+ Z Bk 2 353 ST + Z Zﬁ2k+2r0 * rjkzzj - Z Z (Rk+2)oy 4 25 t? Spz.
k=0 j= k=0 j=

(46)

The functions ®(z) and Wg(z) are both regular in Yg and can be represented by the
Taylor series :

O:(2) = Z “2k22k, We(z) = Z byuz*, 47
k=0 k=0

with a,, and b, being real constants.

Substituting the expansions (45)-(47) into conditions (34) and (36) on the interface I,
and equating the coefficients of equal powers of ¢ yields the following system of algebraic
equations for the constants o, and B, (k=2,3,...):

s d ke —kpmGu/Gr)
Z %24 24k + Z Bajr2Bij+ (k4 1oy —Bopyr = (—Fﬁ&u(dﬁ" — 0 — P + P
i=1 j=2 alda
= (kmGm/Gr+1)
D, _ MIMITFT )
j; %54 2Ck+ Z Baj+2Di;— (GulGe—1) 02k
_ -k Z
= i(k_,‘)%'(;__ﬂ( M 4 B B By o ;’Z) 1;)* (e — e _ el 4 ) (48)
The coefficients of the system (48) are determined by the following formulae :
(Gm/Gr—1) | (kg—~knGwu/GF)
A, 2jb2k+2| . 4 2 3
b=l [’“*"”“’ AAF (ke+Gu/Gr)
B, = rko"oﬂ%HZjH(GM/GF“ 1) (kr — kmGu/Ge)(AA ™, (49)

A, = [rorio~ (@ +m)ril(1 — Gu/Ge) — 1 —ky G /G,
A¥ = ririoro (ke —kmGm/Ge)(Gum/Gr+ke) ™' (1 — Gu/Ge)A; ' +1—=3rr (Gu/Ge~ DA, ',
Ap = 0.5(nr§ — 1) (ke — 1) —[1+0.5(kps — D)7r §]Gm /G, (50)

(Gu/Gs—1) ,
Cii= r2’+2k[?k1*‘—-——*MA AF* PaVkoY 1+ v noroi(kr — 1+ (1 —km)Gu/Ge)Af ' |,

) Gu/Ge—1)
ij="(2)k+21 ["%}’ko?o,‘LMA/—AZ**”"'(k 1),:|,

Yeo = 254 1yo+rorco—3r§ru— 1 = Rk —2)re_ 1o
—r5riora— 1 (ke —knGu/Ge) (ks + Gu/Gr) ',
Vi = Q+2)sw— 1+ rorg+ Q@ =2k)rg_ ),
—r3ryru i (ke —kmGu/Ge) (ke +Gu/Gr) ™. (51)

The following explicit formulae are also obtained for the remaining coefficients in expan-
sions (45)—(47) :
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2]
M M F) _ AF i+2
ag = 0.25(c{Y) + P — e — ) +0.5(mnrd — 1)+ Y g ord*2rg,
iz

ay = (rjrioa, + Z 0‘21+2"2i+2)"u(1 +km)Gu(kpGe+Gy) ™',
=1

oG

Ay = rars+ Z %2 2’3i+2"kj+[(2k+ Doty —Baes2rs (k=12,3,..)), (52)

i=1

oy = 0.5(cfP —cff + ¢’ — ") (B.AD) ™' +(Gm/Ge — 1)(B.AY) -1 Y, Boisor 1,
i=2

e}

—(Gu/Gr— 1)(A AN ! Z Pillap2rg T3, (53)

i=1

@0

bo = rarofa—ar’ + [(y+m)ri—1—ririgloa,— Z (rari+ i+2)s0)r s 2rd?

i-1
K
2i42 M M F F
+ Y Baurard™Pre—0.50) — P — P + ),
i=2

by_,= "(z)r(k— l)oﬂz—(Zk“ l)au"%+[(2k—2)’(k— I)O_rtz)rko_zs(k— 1)0]’(2)“2—0‘2/(’%_2/(

e e} e o}
- z [rdri— Rk —2)rg_ i+ Qi+ 2)su_ oz 2ro™*+ Z ﬂ2i+2"(2)'+2r(k—|)j
i1

i=0

k=2,3,..), (54)
B2 =0.25(cli" +ci? — P — )1 —ke)A7 ' +[1 —ke+ (1~ k) Gu/Gr] Y aisor§*rj,
i=1

+ = (keGr—kyGu) (ke Gr + Gu) ™' Z X 2P 3y

i=1

+0,[r r10(krGe —kmGm) (ke Gr+ Gu) ™' +31. (55)

The above formulae [(48)—(55)] provide the complete solution of the coefficients in expan-
sions (45)—(47). Having determined these coefficients, one can now proceed to calculate the
local stresses i}, 733 and t}3, using eqns (19) and (20).

4.2, The antiplane problem

The antiplane local problems (22) and (23) are relatively simple and reduce to the
determination of doubly periodic functions Uj"(y) satisfying Laplace’s equation in the
regions Yy and Yy and conditions (18) at the interface I'. This can be achieved by repre-
senting the harmonic functions U3"(y) by the following series expansion :

1 © . (2k+ 1)
UT(3) = Re {f'a'" [z— ;az)] + 3 ekt %?3()2,—)} (56)

where ((z) is Weierstrass’s zeta function, satisfying the quasi-periodicity conditions:
{(z+1D)={(2) = 6,, {(z+1i)—{(2) = §, and the relation {'(z) = — g(z). The constants fJ"
and %7, + in (56) are real, and the constants &, and J, are related by Legendre’s relation,
such that

ié] -‘62 =27

and
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i51+62 = O,

sothaté, ==n, 0, = —mi.

5. DETERMINATION OF EFFECTIVE ELASTIC MODULI

The solution to the above local problems provides the information necessary to deter-
mine the effective elastic moduli of the fibre reinforced composite material. In accordance
with eqns (8), (11), (16) and (17), the following general formula for the effective elastic
moduli of the fibre composite can be obtained, such that

Cijmn = (CU™> = L ™ () +177 ()] dy, dy,. (57)

In view of the symmetry of the problem, the following equilibrium conditions must be
satisfied :

f 5 dy,dy, =0 (mn =11,22,33),

Y

Lr}? dy, dy, = j 5 dy, dy, =0, jrﬁ dy, dy, = L 13 dy, dy, =0,
Y Y

thus leading to the following elasticity matrix for the moduli:

(C_n ¢ ¢35 0 0 0)
¢ &y 63 0 0 0
) ¢y €3 €3 0 0 O
Cup = 0 0 G 0 0]’ 8)
0 0 ¢4 O
LO 0 0 0 0 &)
where
r r
oy = , [en )+ dy, dys, ¢y = , e+ (] dy: dy,,
3= , [Clz(y)'f"fﬁ(J’)] dy; dy,, Cy3 = , [CH(J’)‘*'ng(y)] dy, dy,,
Caq = , [Cu()’)"'T%g(J’)] dy, dy,, Ces = , [066(Y)+T}%(Y)] dy, dy,. (59)
o v

It is worth noting that the local function 135(y) entering the &, expression (59) is defined
by

33 _ 33 33
33 = (Ui + Uz3)

or using (20), it can be rewritten as
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33 _ ch(y)

= (B4, 60
2= ) ey Tt (60)

6. RESULTS AND DISCUSSIONS

As an example, let us consider a unidirectional fibre composite formed from a system
of isotropic glass fibres of a circular cross-section embedded in an isotropic epoxy matrix.
Let us also define the elastic constants E, G and v as being the elastic modulus, shear
modulus and Poisson’s ratio, respectively ; with the subscript F identifying the fibre and M
the matrix. We also define the volume fraction y = na’/4b%, with a being the radius of a
fibre and 2b the length of the square unit cell. Accordingly, the limiting case for vy is n/4,
where adjacent fibres will touch.

Figure 2(a) shows the variations of the elastic moduli ratio E,/Ey, with E, being the
effective transverse modulus, with the increase in the volume fraction of the fibres y. The
figure indicates that the current solution for E,/E, is bounded by the extremal variational
estimates of the generalized Hashin—Shtrikman type. At this stage, two observations can be
made:

(i) the upper bound estimate coincides with the current asymptotic homogenization
solution at very low values of fibre volume fraction (y < 0.2), and
(ii) the bounding estimates diverge quite rapidly from the current solution at y > 0.4.

Figure 2(b), on the other hand, shows that the variation of the elastic moduli ratio
E,/E\ along the fibre direction versus 7 is limited to a linear relationship. Figures 3(a) and
3(b) show the dependence of shear moduli ratios in the planes y,y, and y;y,, upon the
fibres volume fraction y. The general trends are, however, similar to those observed in Figs
2(a) and 2(b), with the current solution being bounded by the extremal estimates. Both

100 (1) upper bound ]
(2) lower bound
8.0 | (3) current -
1
of 60 3 A
W40t 4
20 } 2 .
1.0
0.0 P '
(@) 0.0 0.2 0.4 0.6
Y
160 F — T L
10.0 4
-3
w
u
5.0 r B
1.0
() oo .
0.0 0.2 0.4 0.6
Y

Fig. 2. Effective elastic moduli ratio versus fibre volume fraction and the variational bounds for:
(a) E,/Ey and (b) E;/Ey.
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(1) upper bound
(2) lower bound 1
8.0 (3) current g
b3
(4]
“u 3
O a0t
2
1.0
0. I 1 e 1
(@) %.0 0.2 0.4 0.6
Y
120 | 4
0 {1) upper bound
(2) fower bound
(3) current ]
. 80} 1
4]
o 3
40 g
2
1.0
b} 0.0 . L .
¢ 0.0 0.2 0.4 0.6

Y

Fig. 3. Effective shear moduli ratio versus fibre volume fraction and the variational bounds:
(a) G12/Gu and (b) Gy/Gu.

Figs 2 and 3 demonstrate clearly that the increase in the volume fraction y of the reinforcing
fibres increases both the linear and torsional stiffnesses of the composite material.

Figure 4 provides the variation of Poisson’s ratio vy,/vy as a function of the fibres
volume fraction y. The results indicate that an increase in the volume fraction of the fibres
results in a significant reduction in the transverse strain.

Let us now examine two interesting limiting cases: the first is concerned with the
replacement of the fibres with voids or pores (Eg/Ey = 0), while the second is concerned
with the use of infinitely rigid fibres (Eg/Ey — o). Figures 5 and 6 suggest a strong
dependence of the tensile and torsional stiffnesses of the solid upon the elastic moduli ratio
of the fibres to the matrix and the fibres volume fractions. In the case of pores, Fig. 5 depicts
that the effective elastic moduli of the composite solid decrease rapidly with an increase in
the volume fraction, approaching zero as y — n/4. In the case of infinitely rigid fibres, the

1.00 T T T
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0.85 r 1 (2) lower bound
(3) current
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Z
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0.65 L 1 1
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Fig. 4. Effective Poisson’s ratio versus fibre volume fraction.
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Fig. 6. Effective elastic moduli of fibre-reinforced composite in the limiting case of infinitely rigid
fibres (Ey/Ey — ).

elastic moduli E,/Ey, increase with an increase in the volume fraction y, while Poisson’s
ratio v,/vy decreases.

7. CONCLUDING REMARKS

In this paper, the technique of asymptotic homogenization is applied to the problem
of a unidirectional fibre-reinforced composite material. The solution, which utilizes the
complex potentials of Muskhelishvili, is based upon the use of series expansions in terms
of doubly periodic Weierstrass elliptic functions. Both the plane and antiplane local prob-
lems are considered and the resulting effective elastic moduli for this class of problems is
determined explicitly. The results, which contain a number of interesting limiting cases, are
compared with existing extremal solutions and are shown to be bounded by them. The
explicit solutions resulting from this work can be effectively used to determine the behaviour
of the current reinforced composite material configuration under generalized loading con-
ditions and different volume fractions.
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